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Abstract 
Fukuhara, S., Y. Matsumoto and 0. Saeki, An estimate for the unknotting numbers of torus knots, 
Topology and its Applications 38 (1991) 293-299. 
In this note we present an estimate for the unknotting numbers of torus knots, which is an 
improvement of results by Murasugi (1965), Weintraub (1979), Yamamoto (1982), Boileau and 
Weber (1986) and Shibuya (1986). As a corollary, we show that Milnor’s conjecture (1968) is 
true for torus knots of type (2,9), (3,4), (3,5), (3,7), (3,8), (3,lO) and (4,5). For torus knots of 
type (2,9), (3,4) and (3,5), this has already been known. 
Keywords: Torus knots, unknotting number. 
A MS ( MOS) Subj. Class.: Primary 57M25; secondary 57N13, 57R95. 
Let K be a smooth knot in the 3-sphere S”. We assume S” is oriented “sta 
K bounds in the 4-ball D4 a smoothly immersed 2-disk whose self-intersections are 
transverse. Since D4 is oriented, each of its self-intersections 
this sign is independent of the orientation of tf&e immersed 
we define the (+)-kinkiness (respecti 
(respectively k_( 
self-intersection 
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The kinkiness of a knot is closely related to the (+)-unknotting number, which 
is defined as follows [2]. Suppose that K, and K (oriented for once) have 
representatives in S” that are orientation preservingly identical outside a 3-ball 
within which they are as shown in Fig. 1. Then we say that K_ is obtained from 
K, by changing a positive crossing and that K, is obtained from K- by c 
a negutiue crossing. Note that this is independent of the choice of the orientations 
of K, and K-. Then we define the (+)-unknotting number (respectively (-)- 
unknotting number) of K, denoted by u+(K ) (respectively u-( K )), to be the 
minimum, over all sequences transforming K to the trivial knot, of the number of 
positive (respectively negative) crossin, B * - which are changed. Similarly we can define 
the unknotting number of K, denoted by u( K ), forgetting the signs of crossings that 
are changed. Since the “trace” of crossing changes gives an immersed 2-disk with 
each crossing change corresponding to a double point, we see 
u(K)a+(K)+u-(K)d+( 
and 
u+(K)ak+(K), u_(K)d-(K) 
(see [2, p. 1331). 
Our purpose of this paper is to give lower bounds for the kinkinesses of torus 
knots and thus obtain an estimate for their unknotting numbers. Let p and 9 be 
relatively prime positive integers. Then we denote by T( p, q) (respectively T( p, -9)) 
the left-hand (respectively right-hand) torus knot of type (p, q) (for example, see 
[8, p. 531 in which the right-hand torus knot of type (p, q) is denoted by T,,,). It is 
well known that 
u 7-c P, 9)) (P-wr-1) s u-(VP, 9))-4T(P, qw=- 2 
k+(T(p,q))=u+(T(p,q))=o. 
There is a conjecture that all the inequalities above are replaced by equalities [6,1]. 
Our main theorem of this paper is the following. 
Ii+ Ii- 
Fig. I, 
Let p and q 
satisfying q = r (mod p). 
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be relatively prime positive integers and let r be an integer 
Then we have 
k_(T(p,q)) !-‘:_(T(p,Ir]))amin (P-l)(;+lrl-2), [p(q+;l)+3]}, 
where, for x E 69, we denote by [x] the largest integer not exceeding x. 
As an immediate corollary, we obtain the following estimate for the unknotting 
numbers of torus knots. 
orollary 2. Let p and q be relatively prime positive integers. Then the following hold. 
(1) In general, we have 
u(T(p,q))ak-(T(p,qWmin 
(2) Ifs= *l (modp), then 
u(T(p,q))~k-(T(p,q))~min 
(P-1):4-1), [P(4+;)+3]}* 
(3) Zf q = *2 (mod p), then 
I u(T(p,q))~k-(T(p,q))pmin( 
Part (I) is obtained by settmg r = q in Theorem 1. One can prove parts (2) and 
(3) using the fact that T( p, 1) is the trivial knot and that er( T( p, 2)) s (p - 1)/2. 
Here we note that Theorem 1 cannot be obtained from Corollary 2( 1). 
Using Corollary 2, we can determine the unknotting numbers of certain torus knots. 
Corollary 3. For (p, q) = (2, q), (3,4), (3,5), (3,7), (3,8), (3,10) and (4,5), we have 
u(T(p,q))=k-(T(p,q))= 
(P-wr--1) 
2 . 
Concerning the unknotting numbers of torus knots of type (2, q), (3,4) and (3,5), 
the above result has been already known (see [7,1]). These are all the torus knots 
whose unknotting numbers are determined by their Murasugi signatures. After 
Murasugi [7], some lower bounds for the unknotting numbers of torus knots were 
obtained by several authors [ 11, 12,9] (see also [I]). ur result is an improvement 
of theirs. However, we note that the above lower bound in Corollary 2 is about the 
half of what is expected, as other lower boun 
Our method heavily depends on results of 
lower bounds for the number of double point 
a given homology class of certai 
Donaldson [3]. We have not bee 
genera of torus knots. 
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Throughout the paper, we work in the smooth category and all the homology 
groups are with integral coefficients. 
1 Let 1~1 vb u JalsrJVCxa y.v - .-VVLn.LI a  L a cmn-\rr+h J-E+ 1-onnnePcted oriented (Q-manifold. Given a homology 
class y E Hz(M), one can represent 3’ !YJ an immersed 2-sphere whose self-intersec- 
tions are transverse. Define dt (respecGvely dv) to be the minimum number of 
positive (respectively negative) double points of such immersed 2-spheres represent- 
ing y. The following is a theorem of Kuga and Suciu, which plays a key role in the 
proof of Theorem 1. 
heorem 4 (Kuga [S], Suciu [lo]). (1) Let be a smooth closed oriented 4-manifold 
homotopy equivalent to S’ x S’ and let 6 and q be generators of H2( Mj such that 
~‘=$=Oand&~=l. Ilfy=a~+b~EH,(M)satis$esy’#O, thenwehave 
where E is the sign of y’. 
(2) Let M be a smooth closed oriented 4-manifold homotopy equivalent to 
C P’ # C P” and let 5 and q be generators of H?( iW j such that j2 = 1, v2 = -1 and 
5. r) = 0. if y = at + bq E H,( M j satisfies yz # 0, then we have 
<lal+lbl-2)(~lal-lbl~-1) 
2 
where E is the sign of y’. 
Part (1) is proved in [5, lo]. Part (2) can be proved by the same method. Note 
that in the statement in [ 10, Added in proofl corresponding to part (2) above, the 
term <lal+lbl-2)(~lal-lbl~-~)/2 is omitted. This term is necessary, since we can 
represent y by a smoothly immersed 2-sphere with (Ial + lb1 -2)(1 Ial - lb1 I- 1)/2 
E-double points if M is diffeomorphic to CP2 # @P2 and Ial # lb1 (if Ial = lbl, we 
can represent y by an embedded 2-sphere). We also note that in the statements of 
the theorem in [5, lo], the signs of double points are ignored. However their proofs 
show that one can obtain lower bounds for the number of signed double points as 
well. 
5. If M is diffeomorphic to S’ x S’ or @P2 # @P2, then we always have, 
d,‘=O. 
roof 0 Since q = r (mod p), wt: have q = np + r for some integer n. We 
divide the proof into two cases according to the sign of r. 
Unknotting numbers of torus knots 237 
Case 1. 00. 
Let L = L1 u L2 be the Hopf link in S3 which consists of the trivial knot Lz and 
a meridian loop L, of Lz. Let V be the handlebody obtained by attaching two 
2-handles h, and h2 to the 4-ball 0: along the link L = L, u L2 with the framings 0 
and n (we attach hi along Li). Since 8 V is diffeomorphic to S3, ve can form the 
smooth 4-manifold M = Vu D4. We orient M using the orientation of 0:. Note 
that M is diffeomorphic to S* x S* if n is even and U* # Q=P* if n is odd. 
Next we construct a smoothly immersed 2-sphere S in !+f as follows. Let N(Li) 
be a tubular neighborhood of Li which is contained in the attaching solid torus of 
the 2-handle hi. Consider the right-hand torus knot K, = T(ss -p) on elv( L,). Note 
that the 2-handle h, is diffeomorphic to the 4-ball D4. If we regard K1 as embedded 
in the 3-sphere ah,, K1 is the left-hand torus knot T(q, p), since h, is attached with 
the O-framing. Let D1 be a smoothly immersed 2-disk in hl bounded by K, with 
k_( T( q, p)) negative double points. Now we can isotope , on aN(L,) to a torus 
knot on UV(L2) in dDz. In fact, there is a smoo:r.h!y embedded annulus A in 
eD:-Int(N(L,)u N(L,)) such that dA consists of T(q, -p) on dN(L,) and 
T( p, -4) on &V( L2). Let K2 be the component or”@! !yina eti 3 hrf r ’ ‘K--- -----1 @ “‘1 WA V\L2/. 11 WC 1cga1u 
K2 as embedded in ah,, K2 is the left-hand torus knot T( p, q - np) = T( p, r), since 
h2 is attached with the n-framing. Let D2 be a smoothly immersed 2-disk in h2 
bounded by K2 with k_( T (p, r)) negative double points. Then we define S = D, u 
A v D2, which is a smoothly immersed 2-sphere in M with k_( T( q, p)) + k_( T( p, r)) 
negative double points. 
We will determine the homology class represented by S. Let ci E H2( M) (i = 1,2) 
be the homology class represented by the union of the core of the 2-handle hi and 
a cone over the knot Li in 0:. Note that 5, and L2 generate Z&(M) and that {: = 0, 
s,‘= n and & l l2 = 1. By the construction of the smoothly immersed 2-sphere S, we 
have PI = sSI - 1~62. 
Consider the case when n is even. Let 5 = & and 7 = & - $z& l Then 6 and 7 
generates H,(M) and we have s*= v2 = 0 and 5 l v = 1. Furthermore, we have 
[S]=qe-p(~+&)=$(q+r)~-pv. Since [S]‘=-p(q+r)<O, we obtain by 
Theorem 4( 1) 
k_( T(q, p)) + k_( T( p, r)) 3 d[sl 3 min 
(p-l)(q+r-2) 
2 
9 
When n is odd, a similar argument gives the required inequality. 
Case 2. r<O. 
Let L= L, u L2 be the Hopf link as in Case 1 and let V’ be the handlebody 
obtained by attaching two 2-handles hi and hi to the 4-ball 
L = L, u L2 with the framings 0 and -n. As in Case 1, we can the IQ-manifold 
M’ = V’ u D4, which is diffeoniorphic to S* x S* if ro is even and CP* # 
odd. 
We construct a smooth1 
left-hand torus knot 
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2-&k in 0: bounded by K’ with k_( T( p, q)) negative double points. If we regard 
K’ as embedded in ahi, K’ is the left hand torus knot T(p, -q+ np) = T(p, Irl), 
since hi is attached with the (-n)-framing. Let 0; be a smoothly immersed 2-disk 
in h; bounded by K’ with k_( T( p, Irj)) negative double points. Then we define 
S’ = D&u Di, which is a smoothly immersed a-sphere in M’ with k_( T( p, q)) + 
k_( T( p, I$) negative double points. 
If n is even, there are generators 6 and Q on Hz( M’) with 5” = q’ = 0 and 3: l 7 = 1, 
as in Case I. Furthermore we see [S’] = -i( q - r)e+pq. Since [S’]‘< 0, we have by 
Theorem 4(l), 
k-(T(p, q))+k-(T(p, Irl))=+~~l 
> min 
{ 
(P-y-a, [P(4-;)+3]}* 
When n is odd, we can apply a similar argument. This completes the proof. Cl 
Remark 6. Consider the case when n = 0 (r = q > 0). Let 0: be the PL embedded 
2-disk in hi which is the cone over Ki in ah,. Set S’= Dy v Au Dt . Then S” in -1M 
is ambient isotopic to the algebraic cuve in CP’ x CP’ (= 44) defined by the 
equation xryf + x!yy = 0, where ([x, : y,], [x2 : yJ) is the homogeneous coordinate 
for CP’ x CP’. Using this algebraic curve, we can deduce Corollary 2( 1) directly. 
Remark 7. When r < 0, we do not use the 2-handle hi when constructing the smoothly 
immersed 2-sphere S’. Hence, the above proof is valid even if we replace L2 by an 
arbitrary knot (L, is a meridian loop of L,). Note that, even in this case, aV’ is 
diffeomorphic to S3. In this case, we obtain an estimate for the kinkinesses of cable 
knots. More precisely, denote by C( p, q; K ) the left-hand ( p, q)-cable knot of a 
knot K (see [S, p. 1121). If q = r (mod p) and r < 0, then we have 
WC(p, 4; K))+k_(T(p, IrlWmin 
I 
(P-lN;-M, [P(4-;)+3]}_ 
Remark 8. Using our techniques, we can also improve the result of Yamamoto 1131, 
who gave lower bounds for the unknotting numbers of certain iterated torus knots. 
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